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Summary. Over the last decade, interest in the theory of mass transfer in fractal media stems
from geophysical and experimental data demonstrating the non-linearity of porous media, includ-
ing their block structure and fractal properties. In such media, the filtration process, even for ho-
mogeneous mixtures, is modelled by non-integer-order differential equations, complicating theo-
retical research. In this paper, a solution is constructed for the fractional-order non-stationary diffu-
sion equation describing the plane-radial motion of single-phase fluids in fractal porous media. To
solve the reduced spectral problem for the derivative of the Laplace transform function, a Volterra
integral equation of the second kind with a regular kernel is derived. For this integral equation, a
resolvent in the form of a rapidly converging series is obtained by successive substitution. A neces-
sary condition for the convergence of the series is found, and an analytical expression for the de-
rivative of the Laplace transform of the desired pressure function is obtained. By integrating the
resulting analytical expression for the Laplace transform with respect to the spatial variable, an in-
tegral representation is found. Finally, by applying the inverse Laplace transform, an expression for
the dynamic distribution of the desired pressure function is obtained. The resulting expression,
firstly, allows one to study the problem of unsteady fluid flow in a radial medium of fractal nature,
and secondly, also answers the question of the existence and uniqueness of the problem under con-
sideration. Using numerical integration methods, one can calculate the values of the pressure func-
tion at any point r and any time t, with an error estimate. Furthermore, the obtained results allow
one to evaluate the solution found using approximate methods.
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Introduction

Belevtsev, Lukashchuk, 2020; Gazizov, Lukash-

In many fields of science and technology, the
application of the theory of fractals, which describes
the laws of irregular heterogeneous environments
new research directions have begun to intensively
develop. Many scientific sources in the literature are
devoted to the statistical classification of porous me-
dia with fractal character. In this classification, ei-
ther the pore space, or the rock (collector), or the
surface of the pore system, or the volume of the lig-
uid filling the porous medium can be considered
fractal (Afonin, Sukhinov, 2009; Barabanov, 2016;
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chuk, 2017; Nigmatullin, 1986), laboratory experi-
ments show that the sand-clay medium has a fractal
nature and the fractal dimension can vary from 2.6
to 2.8.

The equations involved in this process are de-
scribed by means of a fractional form ordinary or
partial differential equation or a system of equations.
In addition to being an unusual differential equation,
fractional differential equations reveal an unex-
pected simplicity in revealing the essence of many
natural phenomena — complex systems found in
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modern physics, mechanics, biology, chemistry, en-
gineering, etc.

Fractional differential equations are not only a
unique type of differential equation, but they also
exhibit a surprising simplicity in capturing the es-
sence of many natural phenomena including intricate
systems found in contemporary physics, mechanics,
biology, chemistry, engineering, and other fields. In
this regard, fractional derivative and differential cal-
culus has recently become a rapidly developing field
of mathematical analysis.

R.R.Nigmatullin showed that the diffusion pro-
cess in media with a "Koch tree" type fractal struc-
ture is described by a generalised

d%c,(x,t)
dx?

0%c;i(x,t)
gt~ D1

equation of motion in special derivatives, and this
model can serve as a model of a porous medium in
which the diffusion process occurs. Here, D; is a
positive constant characterising the flow and the
medium. From this model, a fractional derivative
relaxation equation related to the fractal dimension
of the medium can also be obtained (Afonin, Su-
khinov, 2009; Mirzadzhanzade et.al., 2004).

As it is known in the literature, this aspect,
whose geometric structure retains its basic properties
while considering at different length scales, i.e., it
has the property of self-similarity, has found appli-
cation in the geosciences including the solution of
oilfield development problems, and development
work continues. The application of models ex-
pressed by fractional order equations allows the de-
velopment of general methods modeling flow pro-
cesses in porous media with complex inhomogene-
ous permeability and facilitates the consideration of
the influence of physical processes occurring in
these media.

The filtration process in fractured media usually
occurs under anomalous kinetic conditions, i.e. it
does not obey normal Gaussian statistics. The pre-
sence of cracks in a porous medium creates a non-
local effect due to spatial variation. Sometimes
cracks are formed as a result of explosions in the
beds and cause severe inhomogeneities (Mirza-
dzhanzade et.al., 2004).

In the case of fractal-like fractures around the
well, fluid filtration can be accomplished not by
classical Darcy's law but by means of a modified,
i.e. fractional order derivative.

In the case of radial flow, the modified Darcy's
law is expressed by

ky
w = _7D¥w+p(rJ t)l VE (0’1)’ (1)

(Barabanov, 2016; Gazizov, Lukashchuk, 2017).
Here w is the filtration velocity, p is the pressure, k.,
is the fractional analog of permeability, u is the vis-
cosity of the fluid, r is the distance from the center
of the well, t is the time variable and

r
1 d (ppt)dp
1—v)dr )] (r—p)V’

w

D71/w+p(rv t) = F(

(Kilbas et al., 2006; Oldham, Spanier, 1974; Pod-
lubny, 1999; Samko et al., 1993).
If we substitute expression (1) into the classical

a(¢pp)
at

+div (pw) = g,

continuity equation, we get

10
=a, e [r Dy, . p(r, t)] +q,

O<n, <r<r, t>0. (2)

op(r,t)
ot

Here, 7, and r. are constants that describe the con-
tour of the well and the bed in the reservoir, respec-

tively. a, = MI;VC is a positive constant coefficient,
f

¢ is the porosity, g is the source function, and p =
p(p) is the classical equation of state. Previously, let
us first consider the case where k., and ¢ are con-
stant.

Now, let's investigate the solution of equation
(2) under the following conditions

p(r! 0) = Do (T), (3)
p(rw, t) = py(t), P t) = pc(b), 4)

where, po(r), pw (t) and p.(t) are known continu-
ous functions. Equation (2) was studied in (Aliyev et
al., 2023) in the case of rectilinear fluid flow in a
porous medium with fractal nature and when the
pressure function p does not depend on t (Su-
leymanov et al., 2005).

Converting the differential problem
into the integral equation
It can be expressed equation (2) as

Dep(r,t) = =2 (D DY, p(r, ) + DY, p(r,0)) + 4
t € (0,),7 € (1, 7.) ()
using the notation D.= % . Applying the Laplace
transform
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oo

F(r,A)) +D} p'(r,M)| _ . (10
ﬁ(ﬁl)=fe"“p(r,t)dt o (F( 1)) pr |r—rw (10)

0 Let's consider the
to both sides of equation (5), we get
(G —p)
— JV
DYY(r,2) + DY, 5(r, ) — 2 5(r, ) = ~F(r, 1), (6) h=B 5 | Ty Pedde )
v Tw
A
where J2 = —1¥W+(p(r )
HT@:pdﬂ+d@J)
' davr » A;d expressions included in the equation (10). According
_ p(pN)dp - . :
Dy .p(r,A) = m ar e ey (7) to the definition of the integral, we can write J; as
If we apply operator ( —-p)7
o J =I7Yw+ r ( )| p (P'A)dp =
TW+() F(v) Tw (7‘ p)1 v dp (8) Tw
T
. . . _ v—1 v
to both sides of equation (6), we obtain _ (T( . _77)1)' dn (77( p))' 5, A)dp =
Tw rw

DL p(rA) + 1Y (1 v B, z>)

1 (-t (n-p)™
V-1 =/ p(p,l)dpfrn T(V”l), ”(_‘;)! dn. (11

A
——I"

Y (BrD) + C1m
Using the equation
_1;’W+(F(r M) +D} .p' (r,/l)|r=rw. 9) g the eq

p
Using the relation 5(p, ) = fﬁ,(n’ Ddn + 50y, 1),
[r—p) (r =)' "
J (—v)! Plp, Mdp = p(ry, A) 1-v) for J, we have
v T
( _P)l_v _ -1
+ (1 V! — P (p; A)dp: I, = = (r p)l)l dp I[p (n,dn + p(ry, /1)\
we can express (7) as (r — p)V- 1
— 1) — "(n, Ddn +
mm@M—pmﬁﬁ7£§—+ N ] me)”
r=p~"
+ J-Wp (p, M)dp. (T‘— P’ 1 3
Tw . + ﬁ ( W'A)dp =

In this instance, (9) takes on the following form
=—f 7 0dn [ 2 dp g, (12)

n  (v-1)!
Dg, . p(r, )+ 1y, " f( (_ p))l p'(p, Ddp | = where
A v ;W vl v—1
- rw+(P(T ) = ( —1) J3= ﬂ% ,A)dp.
(r—mn,)7" =1 "
_111'/ < ﬁ(rw'/l)—w>_
w+ (—v)!
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Substituting (11) and (12) into (10) yields

) G- a-p A (G-
Dr1W+P(T,1)+ P(P.l)d lf DO ()l dn—a—v -l 77‘=
p

Tvl (T— )vl

1

—I;’ (F(r, ,1)) +Dr .p (r,/l)|r:r : (13)

w—mrv_

Some integrals in the last equation can be calculated as follows:

[ r—n)v? ., r—p)
s == 1yj&—n)1dﬁ—n)— 2

r I ) . V
- %ﬁ(ﬁm Adn = P(rw,l) w’

C-m)\_ (- G-n)”
Gw!> oDl P Ty S

!
r@—nwlgm—nu*
G-Dl 7 (V)

p

1
Ja=1Ir,, < P, D)

= p(rw, )

In this case, equation (13) can be expressed as

Dy, . B(r,A) + fp’(p./l)dp oD ol T

Tw

- [Tlﬁ—ny”(n—mﬂﬁ _ggf—pwlz
P

vt A (T—V!T) ~(W’/1)f(r— m' 11 —r)” Vd 3

= —Clm‘i'a—vp(rw'/l) D (=)

-I, (Fr, ) + D7, p'(r, D) _ . (14)

Finally, denoted by

B (10— —p) A (r—p)¥
K“””‘fﬁ@—n! S IR
p

; (15)

v—1

CD(T, /1) = —Clm

+ d, (1, 1), (16)

A=) (=)' 1 =7
Q,(r, ) = a—VP(Tw,/UT —p(rw, ) W=Dl 7 (=)

Tw

-1, (F(r /1)) + Drw+p (r, /1)|r=r
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for p’(r, 1) we obtain the following Volterra type-II integral equation

T

ﬁmm+fxmn@ﬁmn@=¢mm. %

w

As can be seen from (15) and (16), for p < r, the functions K (r, p, 1) and ®(r, A) are continuous functions

with respect to the variable 7.
Applying the method of successive substitution to the (17) Volterra integral equation, we find that

p
P (0. 2) = ®(p,2) = [ Ko, 0,090, 2)d0. (18)
w
Here, K, (r, p,A) = K(r, p, ). Considering (18),

r

W@D=¢@D—f&0@DWMD@=

Tw
r p
=¢MD—f&@AD¢MM—f&@ﬁDﬁ&Dwdw=
Tw w
r r p
=¢@D—f&@@@ﬂﬁ@@+j&@n@@f&@ﬂ@ﬁ@@w-
w Tw w

Changing the order of integration in the last expression, we get

T T
oD =00 - K00 D00 + [ Ke(rp 050 Didp, (18,)
w w
where
i
KZ(T'B')D = le(r'P'l)Kl(P'g'/l)dP- (191)
p

By repeating this process n times, we have

T T

ﬁ@@=¢@@—f&@a@ﬂm&w+IM@ADMMWM—

Tw Tw
T T
—f&@@n¢mn@+m+eUf[mqma@m@mw+
w Tw
r
+f&ﬁ@@ﬁ@@@- (18,)
w
Here,
i
mmaw=fmmaamqma@w. (19,)
p

We can write equation (18,,) as
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n—1 T T
P ) =@+ Y (1" f Ky (r, 9, 1) D(p, D)dp + f Ky (., DB (p, Delp =
m=1 Tw Tw

T

=d(r,A) + f

w

T

®(p, dp + f Ko (r,p) P (0, D)dp.

w

n

(_1)m Km(r; P, A)

m=1

(20)

Taking into account the summation . _, (—=1)™ K,, (, p, 4), the solution of the integral equation (18) is

r

p'(r,A) = lim S ®d(r, 1) + f
n—oo

Tw

n

D D™ Knrp, )

m=1

@(p, Ddp ¢+

r

+ f Ko (r, 0, D' (0, dp,

™w

r

p'(r,A) =, A)+ fR(r,p,A)dD(p,/l)dp.
Tw
Here, the expression
R(,p D) = ) (D)™ Kn(r,p,2)
m=1

is called resolvent.

(21)

(22)

Let us now examine whether the series (22) converges. K (r, p, 4) is a continuous and bounded function,

i.e., for p < r the following evaluations are valid

|Ky(r, p, D] < M,

T

1K,0,6,01 = | [ Ka(r. . DK, (6,0, )| < M2 = 6),
0
T T (r _ 9)2
K3 0,21 = | [ K06, 20K:(0.0, | < M* [ (o = 0)dp = >
6 p .
T T

B f-om? gt
|Kn(r, 6, 1)] = !K1(T,P.A)Kn-1(/). 0,)dp| <M de =M NCEENE

For the upper bound of the resolvent (22) we obtain the following estimate

M@ — )" < — 0 gn-1,

(n—1)! (n—1)!
where
q= M(TC - rw)-
Thus, the series
qZ qn—l
M+ M M—+ -4+ M
Mg+ Mot =D +

is absolutely and regularly convergent in the triangle domain (r, < r <. r, < p <), for arbitrary q.
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Now, to find the function p(r, 1), let us integrate equation (21) with respect to r from r,,, to ;.

r r[ P

P 2) = f ®(p, )dp + f f R(p, 1, 2) ®(n, Ddn | dr + C,.

Tw w LTw

Considering (17), the last equation can be written as follows:

A pv—l [ 7 v—-1
pr ) =G [ Lgde+ [ | [ R g dn|do{+ €.+
Tw w L'w
r r[ P
+ [eona0+ [ | R(p,n,/l)q)l(n,/l)dn‘ dp. 23)
rW rW rW
Using the following expressions
A pv—l Al 4 771/—1
A(r) = fmdp‘l'f fR(Pﬂ?J)deI dp,
Tw w L"w |
and
r r[ P
B0) = [ @ dp+ [ | [ R A®.00) dn|dp
rW rW _rW
the equation (23) can be rewritten as follows
CA@) — G =p'(r,A) — B(n). (24)

Using the following conditions

p(rw, A) = Dy (D), D, D) = Pc(D)

to find the unknown constants, we get
ClA(rw) - CZ = ﬁw(ﬂ-) - B(rw);

CIA(TC) - C2 = ﬁc(’D - B(rc)-
The solution of the obtained system of algebraic equations by using Cramer's method is

_ ﬁc(l) - ﬁw(l) - (B(rc) - B(rw))
- A(r) ’

_A( c) ~w(/1)_B( w) ~
€= — (pA(Tc) ") - (5, ) - 53,)).

&}

Substituting these expressions into (24), for p(r, 1) we obtain the following expression

r r 14
~ _ ﬁc()‘) - ﬁw(l) - (B(Tc) - B(Tw)) pv—l 77"_1
pr,2) = - e Lo+ [ | [ Rom G5 n|ap -
. e e
() — B() + f . (p, )dp + j f R(p,m, D)1 (,2) dn | dp \. @5)
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Using the obtained Laplace transform p(r, 4)
with the help of the inverse transform

y+ico
p(r,t) = —— [ erpermary =
’ 21Tl . ’ ’
y—ico
= Red> Ag,i = V—1

we can find the values of the original pressure func-
tion at arbitrary points r and t.

Conclusion
The fractional with 1+a (0<a<1l) order diffu-

one-phase liquids in porous media with fractal struc-
ture is transformed into the spectral boundary value
problem for derivatives with respect to the Laplace
transformation.

The solution of the spectral problem reduces to
the second type Volterra integral equation.

In order to find the solution of the integral equa-
tion, the method of successive substitution is used to
construct a resolvent for the solution and the solu-
tion is obtained as a convergent series.

The obtained representation allows for the proof
of the existence of a solution of the considered prob-
lem and discovery of its approximate solution pro-

sion equation modelling of the flat-radial flow of Vvided that the error is evaluated.
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Pestome. B mocnenHee NecsaTHIETHE TEOPUS MaccolepeHoca BO (paKTaIbHBIX Cpelax NPHUBIEKAET KaK NMPaKTHYECKHH, TaK M
TEOPETHYECKHH HHTepec. DTOT MHTepec 00YCIIOBIeH re0(U3MIECKUMHI M DKCIEPUMEHTATIbHBIMUA TaHHBIMHU, AEMOHCTPHPYIOIHMMH
HEJIMHEHHOCTh MOPHUCTHIX Cpell, BKIIoYas UX OJOYHYIO CTPYKTYpY U (pakTaibHbIe CBOMCTBA. B Takux cpemax mporecc GpuibTpanuu
Jaxe U1 OJJHOPOIHBIX CMecelt Mojenupyercs AuddepeHnnaaIbHbIMI yPaBHEHUSIMI HEIIEJIOTO TTOPSIIKa, UTO 3aTPpyAHIET TeopeTnye-
CKHe HcclieoBaHus. B maHHON paboTe MOCTPOEHO pelieHre HeCTAallMOHApHOTO ypaBHeHHs Auddys3un 1poGHOro Imopsiika, OMHCH-
BAIOIIETO IUIOCKOpaJHaIbHOE JBIDKEHIE OHO(A3HBIX JKUIKOCTEH BO (hpaKTaIbHBIX HOPUCTHIX cpenax. s pemeHns peayupoBaH-
HOH CIIEKTpaJIbHOMN 3a1auul I IIPOM3BONHON (yHKINHK mpeoOpa3oBanus Jlamuiaca BEIBEICHO HHTETPAILHOE ypaBHEHNE BonbTeppst
BTOPOIO POJa C PETYIAPHBIM AAPOM. /I 5TOr0 MHTErpajlbHOr0 YPaBHEHHS METOJOM IIOCIEI0BATENbHON NOACTaHOBKU IOJIyY€eHa
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pe30ibBEeHTa B BHIE OBICTPO cxozsmierocs psia. Haiieno HeoOX0quMOe YCIIOBHE CXOJUMOCTH Psjia M MOJYYEHO aHAIUTHYECKOE
BBIp@KEHHE JIJIsI IIPOM3BOIHOM QyHKIMH peobpazoBanus Jlamaca HCKOMOW (DYHKIMH JaBlicHUst. VIHTErpupyst MOJy4YeHHOE aHAIU-
THYECKOE BBIpaXKeHHE Ui mpeoOpazoBanus Jlaruiaca mo MpOCTPAaHCTBEHHON MEPEeMEHHOM, HaXOJUM HHTETPaIbHOE MPEACTABICHHE.
Hakowner, npuMensisi oOpatHoe mpeobpa3oBanue Jlamnaca, mosiydaeM BbIpaKeHHE ISl JUHAMHYECKOTO PACIIPElIeNICHUs] NCKOMO
¢byukuun nasnenus. [lonydeHHOe BBIpaXKeHHE, BO-IIEPBBIX, O3BOJSIET HCCICAOBATh 3a4a4y HECTALOHAPHOTO TEUYEHMUS YKUIAKOCTH B
panuansHO# cpene (pakTanbHOIl MPHUPOIBI, @ BO-BTOPBIX, TAKXKE OTBEYACT Ha BOIPOC O CYLIECTBOBAaHWH M CAMHCTBEHHOCTH pac-
cMarpuBaeMoii 3amaun. VConb3yst METOIbI YUCIICHHOTO MHTETPHPOBAHUSI, MOXKHO BBIYMCIIUTH 3HAUCHUS (DYHKIUM JABJICHUS B JIFO-
60it Touke r U B JI000I MOMEHT BpeMEHH t C OIEHKO# morpenrHoctd. KpoMe Toro, moyrydeHHbIE pe3ybTaThl TIO3BOJIIOT OIEHUTH
HAiJIEHHOE pelleHHe PUOIMKEHHBIMU METO[AMHU.
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Xiilasa. Son onillikds fraktal materiallarda kiitlo kdgiirma nazariyyssi hom praktiki, ham do nazari cohotdon diggstlori calb
etmisdir. Bu maraq masamali miihitin geyri-xattiliyini, o cimlodan onlarin blok strukturu vo fraktal xassolorini niimayis etdiron geof-
iziki vo eksperimental malumatlara osaslanir. Belo miihitlords siiziilmo prosesi, hatta bircins garigiglar tigiin do, kasr tortibli differen-
sial tonliklorlo modellogdirilir ki, bu da nozori todgigatlari ¢otinlogdirir. Bu isdo fraktal masamoali miihitlordo birfazali mayelorin
miistavi-radial horokatini tosvir edon geyri-stasionar kasr tortibli filtrasiya tonliyinin analitik halli qurulmusdur. Tazyiq funksiyasinin
Laplas ¢evirmasinin téramasi tigiin gatirilmis spektral masalani hall etmak tigiin miintazam niivali ikinci név Volterra integral tonliyi
alinmigdir. Bu integral tonlik tgiin ardicil ovozetmo metodundan istifado etmoklo siirotls yigilan sira soklindo rezolventa tapilmisdr.
Siranin yigilmast tigiin zoruri sort tapilir vo namalum tozyiq funksiyasinin Laplas ¢evirmosinin toromosi tigiin analitik ifads alinir.
Laplas cevrilmasi ticiin tapilmig analitik ifadoni foza doyisonino gors integrallamagla orijinal funksiyanin Laplas cevirmasi igiin
inteqral tosviri tapilir. Nohayat, tors Laplas ¢evrilmasini totbiq edorok, biz axtarilan orijinal tozyiq funksiyasinin dinamik paylanmasi
ugiin ifado alirig. Alinan ifads, birincisi, fraktal tobistli radial miihitdo geyri-sabit maye axini problemini 6yronmays imkan verir,
ikincisi, baxilan problemin mévcudlugu veo yeganalyi suallarina da cavab verir. ©dadi integrallama tisullarindan istifado edarak,
yatagin hor hansi bir r nogtesinds vo istonilon t aninda tozyiq funksiyasinin giymatlorini xstanin giymotlondirmasi ilo hesablaya
bilorik. Bundan olavo, slds edilon noticslor tagribi tisullardan istifads edilorok alinan hallori do giymatlondirmoys imkan verir.

Acar sézlar: fraktal méhitda kiitlo otiiriilmasi, mistavi-radial bslgada geyri-stasionar diffuziya tonliyi, Laplas ¢evrilmasi, requl-
yar niivali ikinci nov Volterra inteqral tonliyi, ardicil avazetms sisulu
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